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Abstract. In his article |Vit92| on generating functions Viterbo constructed a bi-invariant 
metric on the group of compactly supported Hamiltonian symplectomorphisms of R-^". Using 
the set-up of |S09) we extend the Viterbo metric to the group Conto'^ (R^" x S^) of com- 
pactly supported contactomorphisms of R^" X isotopic to the identity. We also prove that 
Contp'^ (R-^" X S^) is unbounded with respect to this metric. 



1. Introduction 

Gromov's non-squeezing theorem [Gr85| marked the beginning of the study of symplectic capaci- 
ties, which are global symplectic invariants that measure the size of symplectic manifolds. Some 
years later Hofer |Hof90j discovered a way of measuring the size (or energy) of Hamiltonian sym- 
plectomorphisms, by looking at the total variation of their generating Hamiltonians. This notion 
gave rise in fact to the definition of a bi-invariant metric (the Hofer metric) on the group of 
Hamiltonian symplectomorphisms [Hof90| IPolt93| ILM95j . The Hofer metric is deeply related to 
symplectic capacities. It was proved by Hofer that for any domain U of R^" the Hofer-Zehnder 
capacity chz{^) is related to the displacement energy E{U) via the energy-capacity inequality 
CHziU) < E{U). Lalonde and McDuff [LM95| gave moreover a direct geometric construction 
relating non-degeneracy of the Hofer metric to Gromov's non-squeezing theorem. 

Using the theory of generating functions, Viterbo constructed in |Vit92] a new symplectic capacity 
for domains of R^" and a new bi-invariant metricQ dy on the group Ham'^ (R^") of compactly sup- 
ported Hamiltonian symplectomorphisms, and proved an energy-capacity inequality relating these 
two notions. Moreover he defined a partial order <\/ on Ham^(R^"), giving ( Ham*^ (R^"), rfy ) 
the structure of a partially ordered metric space 0. 

The generalization of the constructions in [Vit92| to the contact case [BhOll IS09) has been moti- 
vated by the theory of orderability of contact manifolds introduced by Eliashberg and Polterovich 
[EPOO] . and by the related contact rigidity phenomena studied in [EKP 06^. Bhupal [BhOl] ex- 
tended the Viterbo partial order to the group Contp'^ (R^"+^) of compactly supported and isotopic 
to the identity contactomorphisms of R^"+^, thereby proving orderability of R^"+'^. In IS09j we 
obtained a new proof of the contact non-squeezing theorem of Eliashberg, Kim and Polterovich 
|EKP06j by extending the Viterbo capacity to the contact manifold R^" x S^. 

In introducing the notion of orderability Eliashberg and Polterovich were in fact motivated by the 
question of finding some geometric structure on the group of contactomorphisms. They showed in 
[EPOO] that the concept of relative growth, which is available in any partially ordered group, can 
be applied to the contactomorphism group of an orderable contact manifold (M, ^) in order to 
associate to it a metric space (Z(Af, ^), (5) . This can be done by defining, in terms of the relative 

^It was proved by Bialy and Polterovich IBP94I that the Viterbo and the Hofer metric coincide on a neighborhood 
of the identity in Ham'^ (R^"), but as far as I know it is still an open question whether or not they coincide on the 
whole Ham'= (R^"). 

^Recall that a partially ordered metric space is a metric space (Z, d) endowed with a partial order < such that 
for every a, 6, c in Z with a < 6 < c it holds d{a, b) < d{a, c). 
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growth, a pseudo-distance S on the group of those contactomorphisms of (Af , ^) that are generated 
by a positive Hamiltonian, and then by considering the quotient of this group by the equivalence 
classes of elements which are at zero distance from each other. 

In the present article we show that in the case of the contact manifold R^" x 5*^ it is possible to 
define a bi-invariant metric directly on the group of all (not necessarily positive) compactly sup- 
ported contactomorphisms isotopic to the identity. This metric is a generalization of the Viterbo 
metric and can be easily constructed by using the set-up developed in |S09| . However a crucial 
difference is that, in contrast with the symplectic case, our metric only takes values in Z. We refer 
to the introduction of |S09| for an explanation, in terms of generating functions, of the special role 
played by the integers in the study of rigidity phenomena for the contact manifold R^" x S^. 

Our results can be summarized in the following theorem. 

Theorem 1.1. The group Cont^^^ (M^" x S^) admits an unbounded integer valued bi-invariant 
metric d. This metric is compatible with the Bhupal partial order <_b 'in the sense that <b turns 
( Cont^'^ (R^" X S^)^d^ into a partially ordered metric space. 

The proof of Theorem 11.11 is based on results of |S09| . 

The article is organized as follows. In the first two sections we recall the set-up of jS09| . In 
particular, in Section [2] we give some preliminaries on generating functions and in Section [3] we 
discuss the generalization to ContQ*^ (R^" x S*^) of the invariants and c~ that were constructed 
by Viterbo in [Vit92j . In Section [4] we define the metric d on Contp'^ (R^" x S^), and discuss 
an energy-capacity inequality relating it to the contact capacity for domains of R^" x that 
was constructed in [S09j . In Section [5] we recall the definition of the Bhupal partial order <s on 
Conto'^ (R^" X S^) and show that d and <b are compatible. We also show how this implies that 
the energy (i.e. the distance to the identity) does not decrease along contact isotopies that are 
generated by a non-negative Hamiltonian. In the last section we prove that d is unbounded. 

Acknowledgements. I thank my supervisor Miguel Abreu for his support and mathematical 
guidance, and Leonid Polterovich for feedback on preliminary versions of this article. My research 
was supported by an FCT graduate fellowship, program POCTI-Research Units Pluriannual Fund- 
ing Program through the Center for Mathematical Analysis Geometry and Dynamical Systems 
and Portugal/Spain cooperation grant FCT/CSIC-14/CSIC/08. 

2. Preliminaries on generating functions 

We start by presenting some preliminaries on generating functions, referring to [S09j and the bib- 
liography therein for more details and background information. 

Let B be a closed manifold, and consider a function S : E ^ M. defined on the total space of 
a fiber bundle p : E — > B. We will assume that dS : E — > T*E is transverse to Ne '■= 
{ (e,r/) G T*E | 77 = on ker(ip(e) }, so that the set Eg of fiber critical points is a submanifold 
of E, of dimension equal to the dimension of B. To any e in Eg we associate an element v*{e) 
of T^^^-^B by defining v*{e) (A) dS {X) for A e Tp(e)B, where A is any vector in TeE with 
p,(A) = A. Then ig : E5 — > T*B, e »— > (p(e), t;*(e)) is an exact Lagrangian immersion, with 
is* ^can = (i(S'|Ss)- Its lift to [J^B — T*B x R, ker(dz — Acan)) is the Legendrian immersion 
is '■ E5 — > J^B^ e 1-^ (p(e), ?;*(e), ^(e)). The function S* : i? ^ R is called a generating function 
for Ls := is (Eg) C T*B and for its lift L5 := js(Es) C J^B. A fundamental property of S is 
that its critical points correspond under is to intersections of Ls with the 0-section, and under js 
to intersections of Ls with the 0-wall. Note also that if e is a critical point of S then its critical 
value is given by the R-coordinate of the point js'(e). 
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A generating function S : E — > K is said to be quadratic at infinity if p : E — > _B is a 
vector bundle and if there exists a non-degenerate quadratic form Qoo ■ E — > M such that 
dS — dvQoo '■ E — > E* is bounded, where dv denotes the fiber derivative. Existence of generat- 
ing functions quadratic at infinity for all Legendrian submanifolds of J^B contact isotopic to the 
0-section was proved by Chaperon |Chap95| and Theret |Th95j , and independently by Chekanov 
|Chek96| . Their theorem is a generalization of the analogous result for Lagrangian submanifolds of 
T*B Hamiltonian isotopic to the 0-section, that was proved by Sikorav |Sik86[ ISik87j using ideas 
of [LS85| and |Chap84| . A second fundamental result is the uniqueness theorem for generating 
functions quadratic at infinity, that is due to Viterbo |Vit92| and Theret [Th95[ ITh99| . 

Relying on the Uniqueness Theorem, Viterbo [Vit92j applied Morse theoretical methods to gen- 
erating functions in order to define invariants for Lagrangian submanifolds of T*B Hamiltonian 
isotopic to the 0-section. As observed by Bhupal [iBhOl], Viterbo's invariants can also be defined 
in the more general class C of Legendrian submanifolds of J^B contact isotopic to the 0-section. 
The construction goes as follows. Let L be an element of C with generating function S* : i? ^ M. 
Denote by for a G M U oo, the sublevel set of 5* at a, and by E~°° the set E~°- for a big. We 
consider the inclusion ia : {E"", E~°°) ^ {E,E~°°), and the induced map on cohomology 

i^* : H*{B) = H*{E,E-°°) — > H*{E'\E-°^') 

where H*{B) is identified with H*{E, E^°°) via the Thom isomorphism. For any u ^ in H*{B) 
we define 

c(u, L) := inf { a e R I i^*{u) ^ }. 
Note that c(u, L) is a critical value of S. 

Lemma 2.1 ( |Vit92j ). Let fi G H" {B) denote the orientation class of B, and Ob the 0-section in 
J^B. The map H*(B) x C — > K, {u, L) i — > c(u, L) satisfies the following properties: 

(i) 

c(u U u, Li -I- L2) > c{u, Li) + c(u, L2) 
where Li + L2 is defined^ by 
Li + L2 := { {q,p,z) £ J^B \ p^pi+p2, z = zi + Z2, {q,pi,Zi) £ Li, {q,p2,Z2) e L2 }. 
(ii) 

c{fi,L) = -c{l,L), 

where L denotes the image of L under the map J^B J^B, {q,p,z) 1— > (5, —p, —z). 
(iii) Assume that L fl Os ^0. Then c{^, L) = c(l, L) if and only if L is the 0-section. In this 
case we have c(fi, L) = c(l, L) = 0. 

The proof of this lemma is purely algebraic topological, and does not require any argument of 
symplectic or contact topology. It was originally given by Viterbo in the setting of Lagrangian 
submanifolds of T*B Hamiltonian isotopic to the 0-section, but its extension to the contact case 
is immediate (see [BhOl] or [S09) ). In the symplectic case, the symplectic character of c is given 
by the fact that 

(1) c{u,'i>{L)) =c{u,L-^-\Ob)) 

for every Hamiltonian symplectomorphism "if of T*B (see [ Vit92] or |S09| 1. The analogue of 
this result does not hold in the contact case. However Bhupal proved that the following weaker 
statement is still true. 

Lemma 2.2 ( |Bh01j ). For any contactomorphism ^ of J^B contact isotopic to the identity, 
^ M e H*{B) and L e C it holds 

c(u,^'(L))=0 ^ c{u,L-^-^{Ob)) =0. 



Note that Li -\- L2 is not necessarily a smooth submanifold. However it still has a generating function, given 
in terms of the generating functions of Li and L2 (see |Vit92| or IBhOlp . 
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The idea of the proof is to study the bifurcation diagram of a 1-parameter family St of generating 
functions of 5'(~^4'(L) — 5'j^^(0b), where is a contact isotopy connecting to the identity, 
and to show that there cannot be a 1-parameter family Ct of critical values of St crossing the 
critical value 0. The key reason why the critical value plays a special role is that critical points 
with critical value correspond to intersections of the generated Legendrian submanifold with 
the 0-section. As we observed in (S09j . if 5" is 1-periodic in the M-coordinate oi B = T* B x M. 
then the argument of Bhupal can also be applied if we replace by any other integer, to get the 
following result. We denote by [•] (respectively [-J) the smallest (respectively largest) integer that 
is greater or equal (respectively smaller or equal) to the given number. 

Lemma 2.3 ( [S09] ). Let 5* 6e a contactomorphism of J^B which is 1-periodic in the R-coordinate 
of J^B = T*B X and isotopic to the identity through 1-periodic contactomorphisms. Then for 
every u ^ in H*{B) and L ^ C it holds 

[c(u,*(L))l - [c(w,L-*-1(0b))1 and [c{u,^{L))\ ^ [c{u,L - -^-^Ob))]. 

3. The invariants c+ and 

The invariants for Lagrangian submanifolds of T*B discussed in the previous section where applied 
by Viterbo [Vit92| to the special case of a compactly supported Hamiltonian symplectomorphism 
(/) of ( R^" , uj — dx A dy), by regarding its compactified graph as a Lagrangian submanifold of 
T*S'^". Viterbo obtained in this way two invariants c~^((f>) and c~ {(p), defined by using respectively 
the orientation and unit cohomology classes of S*^". The invariants c+ and c~ were generalized in 
[BhOl] and |S09| respectively to the case of compactly supported contactomorphisms of R^"+^ and 
R^" X iS*^ . We will review in this section the construction and properties of c"*" and c~ , discussing 
directly the contact cascQ. 

Let (f) he a contactomorphism of (R^"+^, = ker {dz — ydx)^ , with (j>*{dz — ydx) — e^{dz — ydx). 
Following Bhupal BhOlj, we define a Legendrian embedding : R^"+^ — > J^R^"+^ to be 
the composition t o gr^, where gr^ : R^"+^ — > R2(2n+i)+i ^-j^g map q ^ {<1i4'{<1}t9{<1}) and 
T : r2(2«+i)+i — , jiM2n+i ^j^^ contact embedding {x,y,z,X,Y,Z,e) ^ {x,Y, z,Y - e'^y,x - 
X,e^ — 1, xY — XY + Z — z). Note that F^ can also be written as F^ = (0-section) where 
is the local contactomorphism of J^M^" defined by the diagram 

-[^2(2n-|-l)-|-l j|j2(2n+l) + l 



jiR2"+i — ^ jiR2"+i 

with (f) the contactomorphism {p, P, 0) ^ {p, (f>{P),g{P) + 6). This shows in particular that F^ is 
contact isotopic to the 0-section. Notice also that the diagram above behaves well with respect to 
composition: for all contactomorphisms (pi and (j)2 we have namely that ^ (j,^ o vj/^^ = ^01^2 {™- 
particular F^^ = (^^2)) and = 

If (p is compactly supported then we can see F^ as a Legendrian submanifold of J^5^"+^, thus 
we can associate to it a generating function. The same is true if </> is a contactomorphism of 
R2"+i which is 1-periodic in the z-coordinate and compactly supported in the (x, 2/)-plane (i.e. a 
compactly supported contactomorphism of M^" x S^) because then we can see F^ as a Legendrian 
submanifold of Ji(52" x S^). We denote respectively by Conto'^ (R^^+i) and Conto'^ (R^" x 5^) 
the groups of compactly supported contactomorphisms of R^"+^ and R^" x S^ that are isotopic to 
the identity. In the following we will always regard contactomorphisms of R^" x 5'^ as 1-periodic 
contactomorphisms of R^""*"^. 



Although C did not appear in IS09| it can be treated exactly as c+, which is what in IS09| we just called c. 
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For in Conto'= or in Conto'= (R^" x S^) we define 

c-(0) :=c(l,r^) 

where /i and 1 are respectively the orientation and the unit cohomology class either of ^^""""^ or 
of S'^" X S^. Note that c^{4>) and c~{(p) are critical values for any generating function of F^. 
Moreover, exactly as in the symplectic case, they satisfy the following properties. 

Lemma 3.1. For all (j), ip in Cont^'' (R2«+1) or Cont^'' (M^" x S^) it holds: 

(i) c+{(j)) > and c-(0) < 0. 

(ii) c^{4>) — {<t>) = if and only if <f> is the identity. 

Proof. Point (ii) is an immediate consequence of Lemma I2.ir iii) . As for (i) , it can be seen as 
follows [Vit92j . We will prove that c(l, F^) < and c(l, F^) < for any 0, so that c~(0) < and, 
using Lemma OJii), c+((/)) = c{iJ,r^) = -c{l,T^) > 0. Since c{l,r^) = inf{a e E | i^*{l) 7^ 0}, 
we need to prove that io*(l) 0- Let S" : ^ M be a g.f.q.i. for F^ (respectively F^) and take a 
point P in B, where B denotes either 5'^""''^ or S*^" x S^, outside the support of 0. Consider the 
commutative diagram 

\ior " = 

H*{B) H*i{P}) 

where the horizontal maps are induced by the inclusions {P} ^ B and Ep ^ E. Since P is 
outside the support of (j) we have that F^ and F^ coincide with the 0-section on a neighborhood 
of P, and so S^Ep ■ Ep ^ R is a quadratic form. It follows that the vertical map on the right 
hand side is an isomorphism. Since the horizontal map on the bottom sends 1 to 1, we see that 
Jq*(1) 7^ as we wanted. □ 

In the symplectic case the relation ([T]), together with the properties in Lemma [2.11 implies that 
for every cj), tp in Ham'^ (R^") we have c~{4)) = —c^{4)~^), c+(0-0) < c"'"((/)) + c+('!/') and c~{(t)ip) > 
c~{(j)) + c~{ij}) (see |Vit92| or |S09| ). In the contact 1-periodic case we only get the following 
weaker statement, using Lemma 12.31 

Lemma 3.2 (^S09J. For all (f), ip in Cont^" (R^" x S^) it holds: 

(i) Lc-(^)j = -rc+(r^)i. 

(ii) rc+(0^)1 < \c+m + \c+{4>)] and Lc-(^V)J > [c" (</>)] + [c-^l- 

Proof. (i) Note first that [c(m, F^-i)] — [c(u,F0)] for all u (apply Lemma [2T3l to L ^ Ob and 
'I' = ^P^-i). Using this and Lemma ITlT ii) we have 

(ii) We have c+(V-') = c(^,F^) = c(^, vp^-i (F^^)) thus by Lemma [2?3l it holds [c+(V')] = 
\c{fi,T^^ - «'0(Ob))1. But, by Lemma [23i;i)-(ii) 

c(Ai,F^V' -*0(Oi3)) > c(/i,F^v) +c(l,TV) =c+(0V^)-c+(0). 

Thus 

\c+m > rc+(<^v) -c+(0)i > \c+{c^yj)-] - \c+m 

as we wanted. The statement about follows now from (i). 

□ 
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Similarly, in the case of M-^"+^ we can use Lemma 12.21 to show that c (0) = if and only if 
c+((/)-i) = and that if c±((/)) = c±(-0) = then c±((/)-!/;) = (see [BhOl] ). 

A fundamental property of c"*" and c~ in the symplectic case is that they are invariant by con- 
jugation, i.e. c±(0) = c±(V'0V'"^) for all (j), V' in Ham'^ (R^") (see |Vit92j or [S09]). This is a 
consequence of the fact that the set of critical values of the generating function of a Hamilton- 
ian symplectomorphism of M^" coincides with the action spectrum of (f), which is invariant by 
conjugation: if (7 is a fixed point of (j> then ipil) is a fixed point of ijjcjyip"^ with the same sym- 
plectic action. This crucial fact does not hold in the contact case. Given a contactomorphism 
(j) — {(j)i,(j)2,(j>3) of R^"+-^ with (j)*{dz — ydx) ~ e^{dz — ydx), the critical points of a generat- 
ing function of (f) coincide with the translated points of 0, i.e. the points q = (x, y, z) such that 
(piiq) — X, (j)2{q) — y and g{q) — 0. Moreover, the critical value is given by the contact action of 
the corresponding translated point, i.e. the value 4>3{q) — z (see |Bh01) or |S09| ). Note that the 
contact action is not invariant by conjugation. In fact, not even the property of being a translated 
point is invariant by conjugation: if g is a translated point of (p then in general tpil) is not a 
translated point of ^(t)ip~-^. However this is the case if the contact action is 0, because translated 
points with contact action are fixed points of (j). This fact has been used by Bhupal to prove 
that, for aU 0, V in Conto^ (M^^+i)^ c±(<?!)) = if and only if c±(V'0?A~^) = 0. As for Lemma [lH 
the idea of the proof is to study the bifurcation diagram of a 1-parameter family St of generating 
functions for ijjtcjjil^t^^ , where ipt is a contact isotopy connecting ip to the identity, and to show 
that there can be no path ct of critical values for St crossing the critical value 0. As observed in 
[S09| . in the 1-periodic case the same argument can also be applied if we replace by any other 
integer, to show that the integer part of c'^ and c~ is invariant by conjugation. 

Lemma 3.3 ([S09 ). For all (j), ip in Contg" (R^" x S^) it holds that \c^{(t))'] = rc=^(V'0V'"^)l and 

Lc±(0)J = Lc±(V"^^-^)J. 

Remark 3.4. Every Hamiltonian symplectomorphism ip of R^" can be lifted to a contactomor- 
phism (fi 0/ R^"^"'" or R^" X S^ by defining (p{x,y,z) = (^(pi{x,y),ip2{x,y),z + F{x,y)'j where 
if = ((^1,(^2) and F is the compactly supported function satisfying ip*{ydx) — ydx — dF. It can be 
proved (see |S09| j that C^ijp) = c'^((p) and c~{ip) — c~{(p). 

4. The bi-invariant metric d on ConTq^ (R^" x S^) 

In [Vit92j Viterbo used the invariants c'^ and c~ to construct a bi-invariant partial order <v and 
a bi-invariant metric dv on Ham^ (R^"), and a symplectic capacity for domains in R^". Bhupal 
showed in [BhOl] that the weaker properties of c"*" and c~ that are still satisfied in the case of 
ContQ'^ (R^"+^) are in fact enough to extend the Viterbo partial order to that group. Note that, by 
Lemma lX^ and Lemma l5751 these same properties are also satisfied by elements of Contg*^ (R^" x S^) 
so that Bhupal's contruction can be applied to the case of R^" x S^ as well (see |S09) ). However, 
we will now show that Lemma 13.21 and Lemma 13.31 that are only available in the 1-periodic case, 
allow us to extend also the Viterbo metric to Contp'^ (R'^" x S^). 

Recall that the Viterbo metric on Ham^ (R^") is defined by dy {4>t'4>) ■— c+(0i/)^^) — ((/)^/'~^). 
Similarly, our metric d on Contg''(R^" x 5^) is defined by 

d(</),V') rc+(^V~')l - Lc-(0V'~')J- 
Proposition 4.1. d is a bi-invariant metric on ContQ'^{M.^^ x S^), i.e. 

(i) (positivity) d((j),ip) > for all 4>, ip. 

(ii) (non-degeneracy) d (t^, V') = if and only if (j) — 

(iii) (symmetry) d{(j),ip) =d{ip,(/)). 

(iv) (triangle inequality) d (0, (p) < d (0, V') + (V': 

(v) (bi-invariance) d {4"Pj '^f) = d {'p4>, ^pip) = d ((/>, ip). 
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Proof. Positivity and symmetry follow from Lemma l3.ir i) and Lemma 13.2( 1) respectively. Using 
Lemma |3. 2( 11*1 we have 

d(</),(p) = \c+{c|)^~')^^[c-{c^^-')\ = \c+{<|>^p-'^Pip-')-\^[c-{<|>^p-'^Pip-')\ 

< [c+W-')! + rc+(^^-')l - Lc-(0^-')J - lc-{^^-')\^d{^,i;)+di^P,ip) 

proving the triangle Inequality. By Lemma 13.1( 11) we have c+(ld) — c^(ld) = 0, thus ci(0, (/)) = 0. 
Suppose now that d{4),'ili) = 0. Then, because of Lemma 13.1( 1). we must have c^{4'ip^^) — 
c~{(pip~^) = and so (f) = ijj by Lemma |3. 1( 11). This proves non-degeneracy. As for bl-lnvarlance, 
we have 

and, by Lemma 13.31 

□ 

The energy of an element (j) of ContQ^(R^" x S'-'^) Is defined to be Its distance to the Identity, I.e. 

E{cf,) \c+m-[c-{^)\. 

Given an open and bounded domain V of R^" x S^, Its displacement energy Is defined by 

E{V) := Inf { E{^j) \ V^(V) n V = }. 

This definition can be extended to arbitrary domains of R^" xS'^ by setting E{U) ~ sup { E{V) \ V C 
U, V bounded} if U Is open, and E{A) = inf {E{U) \ U open, A C Z-/ } for an arbitrary 
domain A. In [S09j we extended the Vlterbo capacity to domains of R^" x 5^ by defining 
c(V) — sup { [c"'"(0)] I (j) G Cont (V) } where Cont (V) denotes the set of tlme-1 maps of contact 
Hamlltonlans supported In V. The energy-capacity inequality 

c(V) < E{V) 

follows from [SOS 3.6.1]. 

5. Relation with the Bhupal partial order 

Recall from [BhOlj and jS09j that, similarly to the symplectlc case, the Bhupal partial order 

<B on Conto'^ (R2"+1) and Conto'^ (R^" x S"!) Is defined by 

4>l<B(t>2 If C+ (0102^1) ^0. 

We will now show that the metric d and the partial order <b are compatible. 
Proposition 5.1. ( Confo'^(R'^" x S^),d, <b ) is a partially ordered metric space. 

Proof. Suppose that (jji <b 4>2 <_b </'3- Then, since {(f>i(l)2~^) — {'t>24'z~^) = {'t'i4'z~'^) ~ ^■ 
using Lemma |3.2( 1) and (11) we get 

I.e. d(0i,02) < d{(j)i,(j)3). □ 

Consider now the relation ^ on ContQ''(R^" x S^) or ContQ''(R^"+^) defined by setting 0i ^ (j)2 If 
4>24'i^ can be written as the tlme-1 flow of a non-negative Hamlltonlan. This relation Is clearly 
reflexive and transitive. The deep fact that < Is also antl-symmetrlc (hence a partial order) follows 
from antisymmetry of <b and the Implication 

(2) 4>ldl4>2 => 01 <B 4>2- 
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In the language of Eliashberg and Polterovich [EPOO] . antisymmetry of ^ proves that K^" x 
and M'^" x are orderable contact manifolds. The implication ^ can easily be proved using 
the fact that c+ and c~ are monotone with respect to ^ : if 0i r< 02 then c"^(0i) < c'^{4>2) and 
c~(0i) < c-(02) (see [BhOl] or [S09]). 

Notice that ([2]) and Proposition lS.ll immediatelv imply that ( Conto'^(R^" x S^), d, ^ ) is a also par- 
tially ordered metric space, so that in particular the energy does not decrease along non-negative 
contact isotopies. 

6. Unboundedness of d 

We will now show that the diameter of ContQ'^(M^" x S^) with respect to our metric is infinite, 
or in other words that d is unbounded. As we will see, this fact follows immediately from the 
analogous result in the symplectic case and Remark 13.41 

Unboundedness of the Viterbo metric on Ham^ (R^") is well known. It can be seen for in- 
stance by considering the sequence of Hamiltonian symplectomorphisms of R^" supported in 
B^^{R) — {ttX^ILi^^? + Hi < R} that was constructed by Traynor in fTr94| to calculate the 
symplectic homology of B^"{R), and by noticing that the energy of the elements of this sequence 
tends to R (that can be chosen to be arbitrarily big). Traynor 's sequence (pP'^ ^ (pP^ ^ cj)''^ ^ • • • is 
constructed as follows. Let H : R^" — > R be the function H{xi,yi, ■ ■ ■ , a;„, ?/„) = ^ (2^1^+2/1^) 

and consider Hp = p o H , where p : [0, 00) — > [0, 00) is a function supported in [0, 1] with 
p" > 0. Take then a sequence pi, p2, P3, • ■ ■ of functions of this form, with limi^oo /Oi(0) = 00, 
limi^oo p'ii^) = —00, and such that Hp-^ < Hp^ < Hp^ < • ■ ■ with Hp. getting pointwise arbitrarily 
big on B^"{R). Since the Hp. are positive, by monotonicity of c~ we have that c~{(j>P^) = 
and thus E{(f)P') = c+(0'''). Moreover, it was proved by Traynor [Tr94| that c'^{(pP') tends to 
i? for i ^ 00. If we now lift the sequence ipP'^ < (j)''^ < (pP^ < ■ ■ ■ to R^" x as explained 
in Remark 13.41 we get a sequence of contactomorphisms whose energy tends to the integer part 
of R, which can be chosen arbitrarily big. It follows thus that Conto'^(R^" xS^) is also not bounded. 

The following terminology is taken from |BIP08| . Two norms on a group G are said to be equiv- 
alent if their ratio is bounded away from and 00. In particular, a norm on G is equivalent 
to the trivial one (i.e. the norm that is everywhere 1 except at the identity) if and only if it 
is bounded and not fine. A norm ;y on G is called fine if is a limit point of i^iG). Since the 
metric d on ContQ^(R^" x S^) takes values in Z, it is not fine. However, being unbounded, it 
is not equivalent to the trivial one. An unbounded norm on a group G is called stably un- 
bounded if lim„^oo '^^n ^ 7^ for some / in G. Note that, by definition of the capacity c, for every 
(j) in Conto'^(R^" x S^) which is the timc-1 flow of a Hamiltonian supported in V we have that 
E{(f>) — [c+(0)] -I- [c+((/)^^)] < 2c(V). If (p is generated by a Hamiltonian supported in V then so 
is 0" as well, thus hm„^oo = for all (p. Hence Conto^(R^" x S^) is not stably unbounded. 

Similarly, Ham^ (R^") is unbounded but not stably unbounded with respect to the Viterbo metricQ. 

We conclude by discussing the case of the contact manifold [S^ ,ker{dz)) , that can be seen as 
(R^" x S^,kei(dz — ydx)^ for n — 0. It was proved in [BlPOSj that the diffeomorphism group of 
does not admit any non-trivial (up to equivalence) bi-invariant metric. We will now explain 
why the construction of our metric on R'^" x does not contradict this result. Namely, we will 
see that although the definition of d given in Section |4] also applies to S^, the outcome is not 
metric in this case. Note that for a diffeomorphism cp of S-^ it holds that (t)*dz = (p'dz, thus (p 
is a contactomorphism if and only if 0' > i.e. if and only if (p is orientation preserving. Let (p 
be an orientation preserving diffeomorphism of S^, regarded as a 1-periodic diffeomorphism of R. 
We can then associate to a Legendrian submanifold of J^R by defining — t o gr^, where 

^The same also holds for Ham'' (M'^") with respect to the Hofer metric |Sik90| . 
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r : ^ J^R is the contact embedding 

T{z,Z,e) = (z,e^-l,Z-z). 

Thus : R ^ jiR is given by r^{q) = {q,(j)'{q) ~ l,(t){q) - q)- We have that is the 1-jet 
of the function S* : R ^ R, S{q) — (p{q) — q thus in other words S* is a generating function for </>. 
Notice that c^(0) = max(S') is not necessarily non- negative, and c~{4>) — min(5) not necessarily 
non-positive. Hence if we define d as in Section 0] we do not get a metric in this case, because 
positivity fails. Notice that the proof of non- negativity of c^{<j)) and non-positivity of c~{4>) in 
Lemma I3.1f i) used in a crucial way the possibility of choosing a point outside the support of 4>. 
This cannot be done in general in the case. 
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